Abstract: We present a brief qualitative overview of the current state of the problem of Hubble expansion at the sufficiently small scales (e.g., in planetary systems or local intergalactic volume). The crucial drawbacks of the available theoretical treatments are emphasized, and the possible ways to avoid them are outlined. Attention is drawn to a number of observable astronomical phenomena that could be naturally explained by the local Hubble expansion.
Introduction: theoretical approaches to the problem of local Hubble expansion
The problem of small-scale cosmological effects has a long history: the question if planetary systems are affected by the universal Hubble expansion was posed by McVittie as early as 1933 [35] , i.e., approximately at the same time when the concept of Hubble expansion became the dominant paradigm in cosmology. Although this question never was a hot topic, the corresponding papers occasionally appeared in the astronomical literature in the subsequent eight decades [1, 7, 9, 10, 12, 19, 21, 27, 33, 37, 41] . Using quite different physical models and mathematical approaches, most of these authors arrived at the negative conclusions. As a result, it is commonly believed now 1 that Hubble expansion should be strongly suppressed or absent at all at the sufficiently small scales, for example, in planetary systems or inside galaxies. However, a surprising thing is that the commonly-used arguments not only prohibit the local Hubble expansion but also strongly contradict each other. For example, the most popular criterion for the suppression of Hubble expansion (especially, among the observational astronomers) is just a gravitational binding of the system, e.g., determined by the virial theorem of classical mechanics [32] . Namely, if mass of the particles concentrated in the system becomes so large that the corresponding energy of gravitational interaction approaches by absolute value the double kinetic energy, then orbits of the particles should be bounded, i.e., no overall expansion of the system is possible. In other words, just the classical forces of gravitational attraction break the global Hubble flow in the regions of local mass enhancement.
On the other hand, yet another well-known theoretical argument against the local Hubble expansion, based on the self-consistent theoretical analysis in the framework of General Relativity (GR), is the so-called Einstein-Straus theorem [19] , illustrated in Figure 1 : Let us consider a uniform distribution of the background matter with density ρ and then assume that substance in a spherical volume with radius R is cut off and concentrated in its center, thereby forming the point-like mass M = (4π/3)R 3 ρ. Then, according to the this theorem, there will be no Hubble expansion inside the empty cavity, but the Hubble flow is restored again beyond its boundary with the background matter distribution (and this boundary itself moves exactly with Hubble velocity).
It is important to emphasize that, as distinct from the first criterion, there is no any excessive mass in the above-mentioned sphere and, moreover, the Hubble expansion is absent just in the empty space rather than in the region of mass enhancement. In principle, this fact is quite natural: according to the standard GR formula, Hubble constant H is related to the local energy density ρ in the spatially-flat Universe as
where G is the gravitational constant. So, from the relativistic point of view, it is not surprising that Hubble constant tends to zero when the energy density disappears 3 . Therefore, the above discussion demonstrates that the attempts to treat the problem of local Hubble expansion in terms of the classical gravitational forces can be very misleading. Indeed, the global Hubble expansion exists even in the perfectlyuniform Universe, where there are no any "classical" gravitational forces at all (since such forces can be produced only by nonhomogeneity of mass distribution). In other words, it should be kept in mind that Hubble expansion corresponds to another "degree of freedom" of the relativistic gravitational field as compared to the degrees of freedom reduced to the classical gravitational forces.
Unfortunately, a lot of textbooks tried to estimate the local Hubble expansion in terms of the "classical" gravity or just postulated its absence in the small-scale systems. A typical example is the famous textbook [36] , where the behavior of smallscale systems (galaxies) in the globally-expanding Universe was pictorially described as a set of coins pinned to the surface of an inflating ball (see Figure 27 .2 in the above-cited book), but no justification for such a picture was given.
Hubble expansion in the dark-energy-dominated cosmology
Because of the oversimplified geometry of the Einstein-Straus model (particularly, a presence of the void, which can hardly have a reasonable astrophysical interpretation), it is desirable to consider not so idealized situations. Unfortunately, a serious obstacle in this way is the problem of separation between the peculiar and Hubble flows of matter in a spatially inhomogeneous system. Namely, if there is no empty cavity, and boundary with the background matter distribution is not perfectly sharp, as in Figure 1 , then substance in the vicinity of the central mass will experience a quite complex radial motion in the course of time, depending on the initial conditions. In general, we do not have any universal criterion to answer the question: what part of this motion should be attributed to the Hubble flow?
Fortunately, the situation is simplified very much in the case of idealized darkenergy-dominated Universe, where the entire cosmological contribution to the energymomentum tensor of GR equations is produced by the Λ-term (cosmological constant). The Λ-term is distributed, by definition, perfectly uniform in space and, therefore, does not experience any back reaction from the additional (e.g., point-like) mass 4 . As a result, it becomes not so difficult to consider the "restricted cosmological two-body problem", i.e., motion of a test particle in the local gravitational field of the central mass embedded into the cosmological background formed by the Λ-term 5 . From our point of view, just this model enables one to get the simplest but reliable estimate for the magnitude of the local Hubble expansion, which can be used as a benchmark in more sophisticated studies.
The above-mentioned problem can be separated into two steps: Firstly, using GR equations, one needs to find a space-time metric of the point-like mass M against the Λ-background. Secondly, using the standard geodesic equations, we should calculate the trajectories of test particles in this metric.
The first task was actually solved long time ago, in 1918, by Kottler [28] . The required metric reads as
for more general discussion, see also [29] . Just this metric was widely used starting from the early 2000's -when the importance of Λ-term in cosmology was clearly recognized -to study the motion of test particles. The quite sophisticated mathematical treatments can be found, for example, in papers [2, 23] ; and the respective formulas were used for the analysis of observational data on planetary dynamics in the Solar system [5, 24, 25] . Unfortunately, the original Kottler metric (2) does not possess the correct cosmological asymptotics at infinity (which is not surprising, since it was derived well before a birth of the modern cosmology). The above-cited works, of course, reveal some features of particle dynamics in the dark-energy-dominated Universe, but they are unrelated (or, probably, partially related) to the Hubble expansion by itself.
So, to study effects of the Hubble expansion per se, it is necessary to transform metric (2) to the standard Robertson-Walker coordinates, commonly used in the cosmological calculations. Such a procedure was performed in our paper [15] ; and the resulting expressions for the "cosmological" Kottler metric can be found there. Next, this metric should be used to solve the geodesic equations for a test particle moving in the field of the central mass [17] :
Orbits of a test body in the field of the central mass at r g = 10 −2 and various values of r Λ , assuming that R 0 = 1.
Here, as distinct from formula (2), t and r are the Robertson-Walker coordinates; and dot denotes a derivative with respect to the proper time of the moving particle. An important feature of these equations is that they involve three characteristic spatial scales -Schwarzschild radius r g = 2GM, de Sitter radius r Λ = 3/Λ, and the initial radius of orbit of the test body (e.g., a planet) R 0 -which differ from each other by many orders of magnitude. For example, in the case of the Earth-Moon system (where Earth is the central mass; and Moon, the test body), we have: r g ∼10 −2 m, R 0 ∼10 9 m, and r Λ ∼10 27 m. This makes the problem of accurate numerical integration very hard.
However, for simplicity -just to reveal the possibility of local Hubble expansion in the gravitationally-bound system -we can consider a toy model, where these parameters differ from each other not so much, e.g., by only two or three orders of magnitude. For example, let us take the initial orbital radius as the unit of length (i.e., R 0 ≡ 1); and let the Schwarzschild radius be r g = 10 −2 , and de Sitter radius r Λ = 10 3 or 2·10 3 . The corresponding numerical orbits are presented in Figure 2. As is seen, when Λ (i.e., the dark-energy density) increases and, respectively, r Λ decreases, the orbits become more and more spiral. In other words, a test particle orbiting about the central mass can really experience the local Hubble expansion. This quantitative analysis argues against the commonly-accepted intuitive point of view that the remote cosmological action would result just in a partial compensation of the gravitational attraction to the center, i.e., the orbit will be slightly disturbed but remain stationary [33] . According to our calculations, the secular (time-dependent) effects are really possible.
Unfortunately, it is not so easy to get the reliable numerical values of such an effect in the realistic planetary systems, because of the above-mentioned huge difference in the characteristic scales and the need for integration over a very long time interval. Besides, since the set of equations is strongly nonlinear, it is difficult to predict how the other kinds of celestial perturbations (e.g., by the additional planets) will interfere with the secular Hubble-type effects. Moreover, it is unclear in advance if the local Hubble expansion will follow the standard linear relation:
where
is the local Hubble constant (which, generally speaking, can be different from the global one). In principle, the corresponding relation in the vicinity of the central massive body might be substantially nonlinear. So, all these questions are still to be answered.
Observable footprints of the local Hubble expansion
A crucial factor supporting the interest to a probable manifestation of Hubble expansion at the small scales is that there is a number of observable phenomenaboth in the Solar system and local intergalactic volume -that could be naturally explained by the local Hubble expansion. A detailed list of such effects in the Solar system can be found in papers [30, 31] . Particularly, they are:
• the so-called faint young Sun problem (i.e., the insufficient luminosity of the young Sun to support development of the geological and biological evolution on the Earth), Figure 3 : Sketch of the tidal interaction between the Earth and Moon.
• the problem of liquid water on Mars (which actually has the same origin as the above-mentioned one),
• the anomalous rate of recession of the Moon from the Earth (called also the lunar tidal catastrophe),
• the long-term dynamics of the so-called fast satellites of Mars, Jupiter, Uranus, and Neptune,
• the efficiency of formation of Neptune and comets in the Kuiper belt from the protoplanetary disk.
The lunar tidal catastrophe
From our point of view, the most appealing example for the existence of the local Hubble expansion is the anomalous Earth-Moon recession rate. Namely, it was known for a long time that tidal interaction results in the deceleration of proper rotation of the Earth Ω E and acceleration of orbital rotation of the Moon Ω ME [26] . This is pictorially explained in Figure 3: since Ω E > Ω ME , a tidal bulge on the Earth's surface is slightly shifted forward (in the direction of Earth's rotation) because of the finite-time relaxation effects. Such a shifted bulge pulls the Moon forward, thereby accelerating it; and simultaneously, due to the back reaction, the proper rotation of the Earth decelerates. The increasing orbital momentum of the Moon results in the increase of its distance from the Earth with the following rate:
where T E is the Earth's diurnal period, and k = 1.81·10 5 cm/s [14] . So, if secular variation in the length of day is known from astrometric observations, relation (7) can be used to derive the rate of secular increase in the lunar orbitṙ.
On the other hand, the same quantity can be measured immediately by the lunar laser ranging (LLR). This became possible since the early 1970's, when a few optical retroreflectors were installed on the lunar surface. The accuracy of LLR quickly improved in the subsequent two decades, and its errors were reduced to 2-3 cm, which enabled ones to measure immediately the secular expansion of the lunar orbit [11] . Surprisingly, the measured value ofṙ turned out to be substantially greater than the value obtained from formula (7), as summarized in Table 1 [16] .
Then, a lot of attempts were undertaken to reduce this discrepancy. Namely, the value presented in the last column of the table corresponds tȯ
It was derived from a series of astronomical observations accumulated since the middle of the 17th century, when telescopic data became available (they are compiled, for example, in monograph [42] ). In principle, the period of three centuries might be insufficiently long, because the length of day T E experience also some quasi-periodic variations on the longer time scales, which can affect the linear trend (8) .
One of the ways to get around this obstacle is to employ the ancient data on eclipses, which cover the period over two millennia. Such an approach was pursued by a number of researchers (e.g., review [43] ), and the obtained values ofṪ E sometimes enabled them to get a reasonable agreement with LLR data. However, the various sets of ancient observations give the results different from each other by almost two times, and it is not clear a priori which of them are more reliable.
Yet another idea to avoid the discrepancy presented in Table 1 is to take into account a secular variation in the Earth's moment of inertia, which is commonly characterized by the second gravitational harmonic coefficientJ 2 . Its decreasing trend at the present time is assumed to be caused by the so-called viscous rebound of the solid Earth from the decrease in load due to the last deglaciation. (Namely, the Earth was compressed by the ice caps in polar regions during the glacial period and now restores its shape.) The first determination of the above-mentioned parameter by Lageos satellite [44] led to the valueJ 2 = −3·10 −11 /yr, which seemed to be consistent with LLR data. However, as was established later, such a determination may be very unreliable [4] and even can give the opposite sign ofJ 2 [8] .
In view of the above difficulties, a promising explanation of the discrepancy 2.2±0.3 cm/yr in Table 1 can be based just on the presence of local Hubble expansion. Assuming validity of the standard relation (6) , this corresponds to the value of the local Hubble constant
which is quite close to its "global" value H 0 . So, such an interpretation is not meaningless. Unfortunately, as was mentioned in Section 2, by now we cannot reliably explain this quantity in terms of parameters of the Earth-Moon system because of the problems in the numerical integration of the equations of motion. Instead, we shall present here a more crude but universal estimate of the relation between the local and global Hubble rates, which is actually applicable to any "small-scale" system.
It is reasonable to assume that the local Hubble expansion is formed only by the uniformly-distributed dark energy (Λ-term), while the irregularly distributed (clumped) forms of matter affect the rate of cosmological expansion only at the sufficiently large distances, where they can be characterized by their average values. (At smaller distances, the clumped forms of matter manifest themselves by the "classical" gravitational forces.) So, if the Universe is spatially flat and filled only with dark energy and the dust-like matter with densities ρ Λ0 and ρ D0 , respectively, then general expression (1) can be rewritten as
Therefore, a ratio of the local to global Hubble constants will be
where Ω Λ0 = ρ Λ0 /ρ cr and Ω D0 = ρ D0 /ρ cr are the corresponding relative densities.
7 Subscripts "0" denote here the values of the corresponding quantities at the present time.
Taking for a crude estimate Ω Λ0 = 0.75 and Ω D0 = 0.25, we arrive at
Consequently, the local value (9) corresponds to the global value
which is in a good agreement with the modern cosmological data (especially, based on studies of type Ia supernovae). Let us emphasize that the performed analysis crucially depends on the accepted value of secular increase in the length of dayṪ E . The qualitative idea of such analysis was put forward in our work [13] , and in the first quantitative study of this subject [14] we used the value corrected for the ancient eclipses,Ṫ E = 1.4·10
−5 s/yr, which was considered by some researchers as the best option [43] . As a result, we arrived at the substantially reduced magnitude of the local Hubble constant, H (loc) 0 = 33±5 (km/s)/Mpc, which had no reasonable interpretation. On the other hand, when in the later work [16] we employedṪ E derived purely from the set of astrometric observations in the telescopic era [42] without any further corrections, the resulting value of H (loc) 0 was found to be in accordance with the large-scale cosmological data.
The faint young Sun paradox
Yet another appealing example for the existence of local Hubble expansion is the problem of insufficient flux of energy from Sun to the Earth in the past; e.g., review [22] . Namely, according to the modern models of stellar evolution, the solar luminosity increases by approximately 30 % during the period after its birth (about 5·10 9 yr). This means that the energy input to the Earth's climate system, e.g., 2-4 billion years ago was appreciably less than now and, therefore, the most part of water must be in a frozen state. This would preclude the geological and biological evolution of the Earth and contradicts a number of well-established facts on the existence of considerable volumes of liquid water in that period of time. Although a lot of attempts were undertaken to resolve this problem by the inclusion of additional influences (first of all, the atmospheric greenhouse effect), no definitive solution is available by now.
An interesting option was suggested recently by Křížek and Somer [30, 31] , who proposed to take into consideration the local Hubble expansion of the Earth's orbit. As a result, the Sun-Earth distance in the past would be appreciably less than now and, consequently, the solar irradiation of the Earth's surface increased. In particular, the quantitative analysis performed in the above-cited papers have shown that at H (loc) 0 ≈ 0.5H 0 expansion of the Earth's orbit compensates the increasing solar luminosity with very good accuracy; so that the Earth's surface received almost the same flux of energy in the past 3.5·10
9 yr and will continue to do so for a considerable period in future.
From our point of view, the above-mentioned idea is very promising. Unfortunately, the value of local Hubble constant used in these papers is poorly consistent with the one derived from our analysis of the Earth-Moon system in Section 3.1, H (loc) 0 ≈ 0.85 H 0 . So, it is interesting to check if the same mechanism will work at other rates of the local Hubble expansion? Such analysis was performed in our recent work [18] .
Namely, let solar luminosity increase linearly with time:
where L 0 is its present-day value (at t = 0), and ∆L is the variation of luminosity over the time interval ∆T = 5·10 9 yr (for the sake of estimate, we shall use here the rounded values). Then, assuming validity of the standard relation (6), a temporal variation in the irradiation of the Earth's surface can be found from a simple geometric consideration. The resulting curves for a number of hypothetical solar models with ∆L/L 0 = 0.3, 0.4, 0.5, 0.6 and various rates of the local Hubble expansion H /H 0 = 0.5) really provides a very stable energy input to the Earth for a few billion years both in the past and future. At the higher rates of the local Hubble expansion (which would be more consistent with our analysis of the Earth-Moon dynamics), a quite favorable situation exists, for example, at ∆L/L 0 = 0.5 and H (loc) 0 /H 0 = 0.8: the solar irradiation at t < 0 is almost as stable as in the Křížek-Somer case, and more appreciable variation at t > 0 is not so important because we actually do not know the Earth's evolution in the future.
Is it reasonable to consider the solar model with ∆L/L 0 = 0.5 ? In fact, such enhanced variations ∆L were typical for the first quantitative models of the Sun [40] . However, the subsequent investigations resulted in the progressively less values of ∆L; and it is commonly accepted now that the increase in luminosity amounts to about 7 % per Gyr over the past evolution of 4.57 Gyr. Nevertheless, we may imagine processes like mixing in the solar interiors to change this value. This would imply the star with a small convective core. The problem is that the Sun is just at the limit of mass where convective cores appear [34] .
Of course, one should keep in mind that the above calculations of solar irradiation cannot be immediately confronted with the relevant data from paleoclimatology, because it is necessary to take into account a lot of additional geophysical and geochemical processes, first of all, the greenhouse effect. From this point of view, the Earth-Moon system discussed in Section 3.1 represents a more "clean" case, where the probable local Hubble expansion is less obscured by other phenomena. 
Other systems
A number of other effects in the Solar system that might be associated with local Hubble expansion have been already listed in the beginning of Section 3. Unfortunately, they are much less studied than the lunar tidal catastrophe and the faint young Sun paradox. So, we shall not discuss them in the present article; for more details, see papers [30, 31] .
Besides, a few researchers studied dynamics of all solar-system bodies, including the major asteroids, on the basis of data by optical and radio astrometry collected in the last decades [38, 39] . Their conclusion was that, in general, a self-consistent picture of planetary motion (the high-precision ephemerides) can be obtained without taking into account any local cosmological influences. However, it should be kept in mind that such analyses involved a lot of fitting parameters, which were attributed, e.g., to the unknown masses of asteroids, solar oblateness, effects of the solar wind on radio wave propagation, etc. On the other hand, the probable Hubble expansion was never included into their equations in explicit form. So, the small resulting residuals might be merely a mathematical fact: it is well known from statistics that any empirical data can be fitted as accurately as desirable if the number of free parameters becomes sufficiently large.
If the local Hubble expansion is present in the Solar system, it should be naturally expected also in galaxies. Unfortunately, the entire pattern of galaxy evolution is very complicated by the formation of stars and their proper motions. So, as far as we know, the problem of cosmological effects at the scale of galaxies remains completely unexplored by now.
A much more elaborated subject is Hubble expansion in the local intergalactic volume. It was believed for a long time that the standard Hubble flow can be traced only at the distances starting from 5-10 Mpc, where it becomes possible to introduce the average cosmological matter density. Nevertheless, by the end of the 20th century, the Hubble flow was detected also at the considerably less scales, down to 1-2 Mpc. At the same time, the concept of dark-energy-dominated Universe became the main paradigm in cosmology. So, it was natural to explain both the presence of the Hubble flow at the sufficiently small scales and its regularity ("quiescence") just by the perfectly-uniform dark energy (or Λ-term) [6, 20] . Unfortunately, it remains unclear by now if the effective value of Hubble constant in the Local Group is smaller or larger than at the global scales and, therefore, if the relation (12) between H (loc) 0 and H 0 is applicable in this situation?
Let us mention also that the most of available theoretical works on the dynamics of galaxies in the Local Group are based on the effective gravitational forces derived from Kottler metric (2):
the last term often being called the "antigravity" force. Unfortunately, such treatment has a limited scope of applicability: Firstly, as was already mentioned in Section 2, the static metric (2) does not possess a correct cosmological asymptotics at infinity and, therefore, the corresponding force (16) is unable to describe the entire Hubble flow, including the large distances. Secondly, strictly speaking, the abovewritten effective force is adequate only for the restricted two-body problem (where M 1 is the mass of a test particle, and M 2 is the mass of the central gravitating body). This is evident, in particular, from the fact that masses M 1 and M 2 appear in expression (16) by different ways. So, there is no reason to assume validity of this formula when M 1 and M 2 are comparable to each other or, especially, to apply it to the many-body problem.
Concluding remarks
1. Despite a lot of theoretical works rejecting the possibility of local Hubble expansion, we believe that this problem is still unresolved: Firstly, the available arguments often contradict each other. Secondly, the most of them become inapplicable to the case when the Universe is dominated by the perfectly-uniform dark energy (or Λ-term). Moreover, a self-consistent theoretical treatment of the simplest models (such as the restricted two-body problem against the Λ-background) demonstrates a principal possibility of the local cosmological influences: the Hubble expansion is not suppressed completely in the vicinity of a massive body.
2. A few long-standing problems in planetology, geophysics, and celestial mechanics can be well resolved by the assumption of local Hubble expansion whose rate is comparable to that at the global scales. It is quite surprising that many theorists believe that the possibility of local cosmological influences is strictly prohibited just by the available observational data, while a lot of observers believe that there are irrefutable theoretical proofs that Hubble expansion is absent at small scales.
3. However, the important conceptual question still persists: What is the spatial scale from which the cosmological expansion no longer takes place? This is of crucial importance since otherwise, as pictorially explained by Misner et al. [36, p. 719] , the "meter stick" will also expand and, therefore, it will be meaningless to speak about any expansion at all... We cannot give a definitive numerical answer to this question. However, we believe that the systems dominated by non-gravitational interactions should not experience the cosmological expansion (e.g., the meter stick, the solid Earth, etc. do not expand).
